Proof. Since G is finitely generated, S[G] is Noetherian, so S[G] M
is Noetherian, and hence Cohen-Macaulay by Lemma 2. Let F be a free group and F-+G a group epimorphism. Let g u * ,^r be a basis for the kernel
of F-> G, and denote by M' the inverse image of M under the induced epimorphism S[F] -> S[G]. Now

S[F] M ./PS[F] M , = (S/P)[F] W ,
a localization of a polynomial ring over a field, and hence of type 1. By [3] Let S be a commutative ring, G an abelian group of finite torsionfree rank, and iff a prime ideal of S [G] , Write P-M f] S and pick a free subgroup F of G such that G/ί 7 is torsion. The ideal M contains at most one prime integer p, as represented in the prime subring of S. (If M contains no prime integer, the last part of each statement below is vacuous.) PROPOSITION 
ff ]r JfUΓ = (/nr)r Jfnr £(/nτ)i2 i r = /i2 J r. with /=o, this shows ΠΓ=o M 9 R M = 0, so that i?^ is a "local ring which may not be Noetherian", and for arbitrary / it shows that every finitely generated ideal of R M is closed in the MJS^-adic topology. By [5] , Theorem (31.8), R M is Noetherian. Now S[G] is a finitely generated iJ-module, so (i2\Λί)~1S[G] is a finitely generated JS^-module and hence is Noetherian; so *S[G]^ is Noetherian. , X t ] where t = rank i^7, and so is regular; and M 0 R M = Mβ^ (together with the fact that R M is a faithfully flat extension of {R Q ) MQ ) shows that R M is regular.
The proof of (1) in Proposition 1 (and of (1) in the theorem below) is the proof of Theorem A in [1] . We repeat it here to establish notation for the other parts, and to make the minor changes needed to prove this proposition. Lady has pointed out the similarity of this argument to that used in the proof of the lemma in the middle of page 95 in [8] .
Letting 
Moreover, if S is locally Cohen-Macaulay and P is a prime ideal in S[G] for which S[G] P is Noetherian, then S[G] P is CohenMacaulay.
Proof. Sufficiency of the conditions follows from Proposition 1 (including (3), since a Gorenstein ring is a Cohen-Macaulay ring of type 1). For the necessity, let P be a maximal ideal of S, and denote by M the maximal ideal of S[G] generated by P and all elements of the form X 9 -1, g e G. 
IS[G] M Φ MS[G] M .
Assume G P Φ 0 for some p in Ω, and pick a maximal ideal P of S containing p; form M as above. Pick an element g of G p of order p and consider {X 9 -1) (Σ£=o X ng ) = 0. Neither factor is 0, even in
is not a domain, and thus cannot be regular.
It may be possible to prove a version of the theorem's "Moreover" assertion with "Gorenstein" replacing "Cohen-Macaulay" but another proof will be required, since the condition of faithful flatness seems not to transfer enough properties to the larger ring.
We turn now to chain conditions on commutative group rings. The key facts used are drawn from the work of Ratliffe. LEMMA 
Let R be a ring which satisfies the second chain condition and whose total quotient ring is ^-dimensional, and let S be an integral ring extension which is torsion-free as an R-module. Then S also satisfies the second chain condition.
Proof. By [7] , Corollary 2.17, this will follow if we can show that every minimal prime ideal in S meets R in a minimal prime; but if P is a minimal prime in S and P Π R is not minimal in R, then {tx: ί is a regular element of R, x e S\P} is a multiplicatively closed set in S missing 0 but properly containing S\P, a contradiction. LEMMA 
Let R be a Hilbert ring and x e R, not nilpotent. Then:
(1) R x , the ring of quotients of R with denominators powers of x, is Hilbert; and (2) the maximal ideals of R x are the extensions of maximal ideals of R which do not contain x.
Proof. A prime in R x has the form PR X where P is prime in R and x $ P. Now P is the intersection of maximal ideals M λ of R; it suffices to show PR X -f] λ (M λ )R x , and one inclusion is clear. Let a/x n 6 f\ λ (M λ )R x ; then for each λ there is a positive integer k λ for which x k *aeM λ . If x&M λ , then aeM λ so xa is in each M λ . Thus xa e P, so a/x n = xa/x n+1 e PR X . For (2), suppose PR X is maximal. The prime P in R is an intersection of maximals, one of which misses x and hence survives in R z , so P is maximal. PROPOSITION 
Let R be a Noetherian domain and G an abelian group of finite torsion-free rank. If R satisfies the chain condition, then so does R[G]. If R is also Hilbert and satisfies the second chain condition, then R[G] satisfies the second chain condition.
Proof. Let F be a free subgroup of G such that G/F is torsion, and set t = rank F. If R is a Noetherian domain satisfying the chain condition, then by [6] As noted in [5] , page 123, in a domain of finite altitude the second chain condition is equivalent to the chain condition and equidimensionality. If R is a Noetherian Hubert domain satisfying the second chain condition, then each stage in
satisfies the chain condition, so it suffices to show that all but R [G] are equidimensional. For the polynomial extensions, let M be a maximal ideal in i2
is equidimensional, and Lemma 5 yields the result.
To see that the hypotheses of "Noetherian" and "Hubert" are needed, we give examples of one-dimensional domains R for which equidimensionality fails in R [G] , even when G is infinite cyclic:
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